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Abstract

Proportional information is important for a range of everyday actions, from infants’ and toddler’s
probabilistic inferences to adults’” medical and financial decisions. Unfortunately, children and
adults frequently make systematic errors in some proportional reasoning contexts. For example,
people tend to focus more on the numerators, rather than the proportional relations, when
proportions are discrete (i.e., with enumerable units) or when the sub-components are spatially
separated. Importantly, it is not that people cannot reason proportionally, as they do not make these
same errors with continuous proportions presented as part of a single coherent whole. Although
format-dependent variation has been shown across many studies with both children and adults,

no work has systematically manipulated multiple aspects of visual, non-symbolic proportional
stimuli simultaneously to better understand which spatial factors impact proportional reasoning,
and how. Here, we manipulate proportional stimuli in three ways: the availability of enumerable
units (i.e., discreteness), predictability of the proportional information, and spatial separateness

of the proportion sub-components. We also formalize competing strategy explanations using
mathematical models to infer people’s strategies. Overall, we find that discreteness, predictability,
and spatial separatenesss (as operationalized here) significantly impact adults’ performance and
strategies. Furthermore, all features interact with each other, and qualitative patterns suggest

that spatial separateness and predictability may be particularly important, despite being less well
studied. By systematically varying the spatial features of proportions, we provide insight into

the mechanisms that underlie proportional reasoning and highlight important interactions between
spatial, numerical, and relational information.

Keywords
proportion; strategies; mixture model; variation

Understanding how people reason about proportional information is critical, both
theoretically, for cognitive theories of development and learning, and in practice, such
as in math education. For example, non-symbolic proportions lay the foundation for
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understanding symbolic fractions and ratios (Matthews et al., 2016) and play a key role

in people’s ability to make probabilistic inferences from proportional information (Denison
& Xu, 2012). However, children and adults are not consistent in how they reason about
proportion. Instead, research has revealed substantial variation, including variation across
contexts, such as probability vs. juice mixing (Boyer et al., 2024) and across stimuli, such
as proportional displays with numerical information available vs. no numerical information
(Boyer et al., 2008; Hurst & Piantadosi, 2024) or spatially separated components vs. a
single integrated whole (Hurst et al., 2020; Méhring et al., 2016). However, this variation is
often studied with isolated contrasts between a small number of contexts or stimuli, limiting
our ability to build a complete explanation of the underlying cause(s) of these difficulties
(see Figure 1 for common contrasts used in previous studies). This issue is important
because without understanding the cause(s) of this variation, we cannot have a complete
understanding of the processes and mechanisms involved in proportional reasoning, which
in turn limits our ability to build theories that depend on proportional thinking or to
develop interventions for targeting proportion learning. In the current set of experiments,
we aim to increase understanding of the cause(s) of variation in proportional reasoning

by systematically modifying perceptual features of the proportion display and measuring
format-dependent performance and strategy use.

Variation Across Discrete and Continuous Proportion

Substantial work has compared proportional reasoning with discrete stimuli, where
numerical units are available, to proportional reasoning with continuous stimuli where
numerical units are not available. The way discreteness is instantiated has varied across
studies in a few ways, including divided rectangles, divided annuli, and entirely discrete
sets of dots (see Figure 1, Panel A). Additionally, for some studies, number and area can
both be used within the same stimulus comparison; that is, because the numerical unit is a
consistent size, more units will also correspond with more area, either within a part-whole
shape or cumulative area across a set of dots (Boyer & Levine, 2015; Boyer et al., 2008;
Hurst & Piantadosi, 2024; Hurst et al., 2020). In other cases, humber and area are prevented
from co-varying so that the proportional information must be based on number alone and
not cumulative surface area (Hurst & Piantadosi, 2024). Across these many studies, and
subtle differences in instantiation, it is typically found that people show worse proportional
reasoning with discrete stimuli, compared to continuous stimuli. For example, when asked to
compare two circular game spinners and decide which has a higher probability of resulting
in a red (vs. blue) outcome, 6-year-old children succeed when the spinners are not divided
but score significantly lower when the spinners are divided into unit sized pieces (e.g.,
divided into eighths with six units colored in) (Hurst & Cordes, 2018; Jeong et al., 2007).
Importantly, this decrease in performance with discrete stimuli arises specifically when the
numerical information in the numerator is in conflict with the proportional information;
that is, when the option with more red pieces (i.e., highest number) has a lower proportion
colored in red (i.e., lower proportion/probability). This same pattern has been found in

a range of contexts that involve comparing proportional information, including matching
juice and water mixtures (Boyer et al., 2008), making social evaluations based on resource
distributions (Hurst et al., 2020), and interpreting the quantifier word “most” (Hurst &
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Levine, 2022). Across contexts, decreased proportion responding with discrete stimuli is
often attributed to children using a numerical strategy that focuses on the number of items in
the numerator (i.e., the most salient subset), potentially due to an overuse of counting (Boyer
et al., 2008).

However, a counting-based explanation is likely insufficient for fully explaining the
difference between discrete and continuous stimuli, as a similar pattern of errors is found
when adults make judgements about proportions created from large sets of intermixed

dots (Fabbri et al., 2012; Hurst et al., 2021), which are presumably less likely to be

counted. An alternative possibility is that adults are encoding and comparing an approximate
representation of the number of items in a subset as a heuristic (Hurst & Piantadosi, 2024).
Importantly, unlike counting, which is unique to discrete number, using an approximate
representation of absolute magnitudes could, at least in principle, be used for all proportional
values based on any type of magnitude (e.g., area, length, time). For example, it could

be that having a larger numerator in terms of area would similarly bias proportional
judgements. Thus, one possibility is that some aspects of typical discrete stimuli make the
numerator information more salient, and therefore this kind of error more likely, but that
other visual or spatial features would similarly elicit this behavioral pattern.

Coherent Whole vs. Separated Components

There is some evidence that non-numerical spatial features do impact proportional
reasoning: spatially separating the components involved in a proportion decreases attention
to the proportional information, compared to when the quantities are part of an integrated
whole (see Figure 1, Panel B). For example, when asked to make social evaluations based on
resource distribution (i.e., who is “nicer” after seeing how much/many of their resource(s)
they shared), when the non-shared and shared resources were spatially separated children
made more numerator-based errors than when the components were spatially integrated,
despite no numerical information being available in either case (Hurst et al., 2020).
Additionally, children’s ability to mentally scale visual proportions presented as part of

an integrated whole was significantly correlated with their fraction ability, but their mental
scaling of spatially separated visual proportions (i.e., proportions as two separate subsets)
was not (Méhring et al., 2016). Considered together, these findings suggest that spatially
separating the quantities involved in a proportion decreases attention to proportional
information.

Other Visualspatial Features

The prior work has primarily considered differences between discrete vs. continuous
proportion or spatially separated vs. integrated components of proportions, without explicitly
comparing across them, examining how they interact, or examining the impact of

other visual-spatial features (which are sometimes varied incidentally, such as presenting
proportional information in the context of rectangles vs. annuli). There is some evidence to
suggest that other visual-spatial features also impact behavior (Hurst & Piantadosi, 2024;
Park et al., 2020). For example, Hurst and Piantadosi (2024) investigated children’s and
adults’ strategy use when comparing proportion or ratio-based stimuli in different forms
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that included variation within continuous (e.g., line lengths, pie charts, blobs) and discrete
(e.g., dots that were all equal in size vs. varied in size) stimuli. Their goal was to compare
mathematical models of strategy use across discrete and continuous stimuli, and their results
are broadly in line with this distinction. However, there was also variation within continuous
and discrete categories. For example, there was a weaker dominant strategy (and in some
cases, not a clearly preferred strategy) when continuous stimuli were irregular blobs (vs.

pie charts) and when dots were all equal in size (vs. varied in size). This variation suggests
that other spatial features beyond the distinctions of discrete vs. continuous and spatially
separated vs. integrated components may contribute to variation in proportional reasoning
processes and behavior.

Operationalizing Visual and Spatial Features of Proportional Displays

In summary, the prior work suggests that focusing on only broad-strokes distinctions one
at a time may be leading to incomplete and/or incorrect conclusions about the cause(s) of
variation. To move toward a more complete understanding of the processes and mechanisms
involved in proportional reasoning, we need more general principles about how perceptual
and contextual features cause variation in the cognitive strategies we use to compare
proportions. Here, we aimed to address this issue by systematically modifying proportional
stimuli in multiple ways: the availability of enumerable units (i.e., discreteness), having
spatially separated vs. integrated sub-components (i.e., separate parts to be integrated into
a “whole” vs. a single “whole” divided into two parts), and the predictability or ease

of extracting proportional information from the whole object or scene, due to structural
regularities of the format (see Figure 2 for examples of all formats used in the current
studies). Although we operationalize these as three features for the sake of simplifying

the stimulus space, it is worth noting that we do not conceive of these as natural or true
categories with strong boundaries. Instead, they likely interact with each other in ways

that lead to different affordances and different biases. Our goal is to use these features

to systematically investigate the stimulus space and better understand what these distinct
affordances and biases may be, how they interact with each other, and how they may arise.

As in prior work, we operationalized discreteness as the availability of discrete enumerable
units. Previous studies have typically used two kinds of discrete proportional stimuli:
entirely separate objects, such as an array of dots (Fabbri et al., 2012; Hurst & Piantadosi,
2024) or demarcated units within an object, sometimes called discretized stimuli (Abreu-
Mendoza et al., 2023; Boyer et al., 2008). Additionally, discrete proportional stimuli have
typically been generated from small and countable sets (Boyer et al., 2008) and/or large
sets that are not countable in practice given the timeframe (Hurst & Piantadosi, 2024). For
the purposes of the current experiment, the presence of enumerable units is the defining
feature of discrete stimuli, regardless of whether they are countable in practice and/or
entirely separable objects. Additionally, in the current study, we investigate the presence
of numerical information in addition to surface area information. Although substantial
research investigating absolute magnitude representations has focused on distinguishing
between the processing of numerical information from other magnitude dimensions, such
as area and contour (Cantrell & Smith, 2013; Gebuis & Reynvoet, 2012; Leibovich et al.,
2017; Lourenco & Aulet, 2022; Starr et al., 2017), we do not address this issue here. In
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fact, although numerical information is available in our discrete stimuli, it is possible for
participants to rely exclusively on (cumulative) surface area. Importantly, however, they
cannot rely on absolute area— just as they cannot rely on absolute number - instead,
proportional reasoning is required, whether it be based on the relative areas or the relative
numbers.

We operationalized spatial separateness based on whether the two sub-components that get
combined to create a proportional whole were spatially integrated or separated. By spatially
separating the two sub-quantities, we may be deemphasizing the whole (i.e., the amount the
proportion is in reference to) and/or emphasizing a single sub-quantity (e.g., the numerator
amount) making it more difficult or less likely to process the proportional information.
Although this pattern has been shown for rectangles (Hurst et al., 2020; M6hring et al.,
2016), it is an open question of whether the availability of the whole vs. emphasis on
separate parts also drives behavior with other formats (e.g., discrete sets) and whether this
spatial feature interacts with other spatial features.

Finally, although substantial prior work has investigated behavior with continuous area-
based proportion, these stimuli can be quite variable, including round stimuli, such as pie
charts or annuli (Abreu-Mendoza et al., 2020; Hurst & Cordes, 2018; Jeong et al., 2007;
Mock et al., 2018), rectangles (Abreu-Mendoza et al., 2023; Boyer & Levine, 2015; Boyer
et al., 2008), or amorphous blobs (Hurst & Piantadosi, 2024; Park et al., 2020). No work, to
our knowledge, has systematically compared how the shape of the continuous proportional
amount impacts proportional reasoning. We operationalize this as predictability! because
blobs, rectangles, and pie-charts (as circles or annuli) vary in structural ways that may
impact the ease of extracting proportional information, as well as in their familiarity, which
may similarly impact predictability or ease of processing. Blobs are unpredictable because
they are irregular; in other words, it is not possible to attend to only one feature to calculate
the proportion. Instead, we must fully encode the area of each component and/or the area
of the entire blob. In contrast, the more structured rectangles and canonical pie charts may
allow us to encode the proportion value by focusing on only one dimension, simplifying
the extraction of proportional information. For example, because the two subcomponents
within a rectangle are standard in width, you could encode the proportion by just looking at
the height of the two components and/or the height of one component relative to the total
height — ignoring the width. Similarly for pie charts or annuli, the angles of the slices can
be compared, ignoring the size of the circle and the overall area. Pie charts are also highly
familiar, and it’s possible that people can quickly encode and compare the proportional
values from only one angle (i.e., the angle of the numerator slice), automatically encoding it
in relation to the complete circle. In this case, pie charts may be even more predictable than
rectangles.

Lin our pre-registration, we refer to this feature as regularity instead of predictability. Although regularity can contribute to
predictability, predictability better captures our interpretation of the differences between these stimuli.
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The Current Study

In the current study, we aimed to systematically investigate stimulus driven variation in
proportional reasoning. To do so, we present three experiments with adult participants using
a novel probability comparison task with 12 different stimulus formats (see Figure 2).
Although each experiment targets specific contrasts within and across our operationalized
features, we had three overarching research questions:

1. For what kinds of stimuli are adults sensitive to the congruency between the size
of the numerator and the overall proportion?

2. How do each of operationalized stimulus features impact proportion comparison
behavior? Furthermore, are these effects independent, overlapping, or interacting
with each other?

3. How does strategy use vary across formats?

In Experiment 1, we target all three research questions with 8 distinct formats: integrated
and separated blobs, integrated and separated rectangles, integrated and separated dot
clouds, and integrated and separated dot grids. This design allows us to contrast behavior
with proportional displays that are discrete and continuous, have spatially integrated and
separated sub-components, and differ in their shape or structure in ways that contribute to
the predictability of the proportional information — as well as several distinct combinations
of these features. In Experiment 2, we incorporate a commonly used continuous stimulus
that was omitted from Experiment 1, the pie chart, to contrast behavior with proportions
displayed as pie charts (continuous, spatially integrated, highly predictable) and proportions
displayed as intermixed dots (discrete, spatially intermixed, unpredictable). In Experiment
3, we take a more careful look at discreteness and variations across shape by investigating
the added presence of discrete numerical units within an integrated shape and potential
differences in proportional reasoning with pie charts and rectangles.

Previous work has addressed these kinds of questions using proportional comparison tasks
with direct instructions (e.g., “which has a higher proportion colored in red?”) or using a
probability cover story based on a sampling outcome (e.g., “which has a higher probability
of the spinner landing on red?”, “which has a higher probability of pulling a red ball

from the machine?”). Here, we had two constraints that made these typical approaches
inappropriate. First, we wanted to use a paradigm that would be appropriate for future work
with children, to better understand the development of strategy use. Second, we wanted to
use a paradigm and procedure that would be equally applicable for different stimuli with
identical instructions. Thus, we could not use the direct instructions approach because young
children do not know what “proportion” means and often require a cover story to understand
the instructions. We also could not use common probability scenarios that apply only to
specific visual information (e.g., spinning a spinner only applies to circles, pulling a ball
randomly from a box only applies to discrete sets). Instead, we opted to modify the typical
probabilistic sampling approaches to be applicable to (almost) any visual presentation of
proportional information. Specifically, we introduce participants to a “magic ball” that only
lands on the two colors in the proportion and ask them which of two images we should use
if we want the magic ball to land on a given color. Although we did not use these words, this
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is akin to asking: if we were to select a pixel at random from each image (i.e., a randomly
selected landing spot for the magic ball), which picture is most likely to result in a pixel of
the desired color (we discuss the cases that this paradigm cannot easily cover as a limitation
in the General Discussion).

Experiment 1

Method

In Experiment 1, we compare all three features by operationalizing: sets of dots as discrete
and undivided shapes as continuous; rectangles and grids as more predictable than blobs
and dot clouds, respectively; and the blue and orange sub-parts being spatially separated
contrasted with intermixed or contiguous colors as part of a single set (discrete) or shape
(continuous).

Based on prior work, we predicted that people would show interference from the size of the
numerator for all formats but would have lower performance and rely less on proportion-
based strategies with discrete stimuli than with continuous stimuli, spatially separated
stimuli than integrated stimuli, and the less predictable stimuli than the more predictable
stimuli. Importantly however, we also explored how these features may interact in nuanced
ways, though without specific a priori predictions.

Participants: Using Prolific, we collected data from 400 adults (M, = 35.48 years, SD

= 11.48) in the United States. Following our pre-registered data exclusion procedure, 3
adults were excluded, leaving a final sample of 397 (data exclusion details provided in Data
Analysis). Although we pre-registered collecting data from 50 participants per condition for
our between subject design, because of uneven drop out on Prolific, the sample size varied
slightly across the eight conditions, as follows: 49 compared separated blobs, 47 compared
integrated blobs, 51 compared separated rectangles, 50 compared integrated rectangles, 48
compared separated random dot clouds, 49 compared integrated random dot clouds, 49
compared spatially separated dot grids, and 54 compared integrated dot grids.

Through built-in prolific screeners, we required participants to be fluent in English (self-
reported) and to have not participated in our previous related pilot studies. Based on
self-report (see demographic questions in Supplemental Materials), the sample was 60%
men, 38% women, and 2% nonbinary or genderfluid. Most participants reported having

at least a bachelor’s degree or equivalent (58%). Race and ethnicity was reported as 77%
white, 9% Asian, 6% Black or African American, 1% American Indian or Alaskan Native,
and 7% selecting more than one race. Additionally, 4% reported being Hispanic or Latine.

Stimuli and Material: During the task, adults were shown two images side by side that
included one or more blue and orange shapes on a grey background. All stimuli were created
programmatically using a lab designed Python script and were the same across participants
within the same condition (see Figure 2, Panel A for an example of each kind of stimulus).
Regardless of the visual format, the same proportion comparison pairs were used across all
conditions (see Appendix for a list of all stimulus values). To capture differences in both

the proportion magnitudes and the magnitudes of individual components, surface area of
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the continuous stimuli was matched to the cumulative surface area summed across dots on
the equivalent discrete trial. To do this, we use a labeling convention that assigns one dot
as a single unit and the area corresponding to one dot as the single unit for continuous
stimuli. For example, the proportion 2/5 would have half the total amount as the proportion
4/10 (i.e., 5 vs. 10) and half the numerator amount (i.e., 2 vs. 4), in terms of area for

both continuous shapes and discrete sets, as well as in terms of number for discrete sets.
Importantly though, both 2/5 and 4/10 would have the same relative distribution between
orange and blue (i.e., 40% the numerator color).

Stimuli were created so that total set size (based on the above convention for determining
“size” of area-based stimuli) could range from 14 to 53, with each subset ranging from

4 to 41. Proportions could range from 0.167 to 0.864. There were 60 unique test trials,

each shown twice (once with the correct answer on the left and once with the correct
answer on the right). On half the trials, the numerator was congruent with the proportional
response (e.g., 10/21 vs. 25/43) and on half the trials, the numerator was incongruent with
the proportional response (e.g., 12/20 vs. 15/29). The trials were selected so that the ratio
between the numerators was similar to the ratio between the proportions on average (1.52
and 1.44, respectively) and so that on 50% of the trials there was a larger difference between
numerator magnitudes than proportion magnitudes, and on the remaining 50% there was a
larger difference between proportion magnitudes than numerator magnitudes. An additional
four trials were used during practice and were repeated during the test blocks but not
included in the analyses.

Integrated and Separated Dot Clouds (Discrete, Unpredictable). Dot clouds were sets
of dots, where each dot represented one unit and was colored either orange or blue. The
dots were all the same size, meaning that the proportion of dots that were a specific color
could be determined based on the number of dots or the cumulative surface area. Importantly
however, to correctly compare proportions the relative proportional information was still
necessary, regardless of whether the underlying source quantities were based on number
and/or cumulative surface area. In the integrated dot clouds, the dots were randomly placed
within the image boundary, at least 10 pixels apart, with the color of each dot randomly
assigned so that the blue and orange subsets were intermixed. For the spatially separated
dot clouds, the set of blue dots and set of orange dots were spatially separated so that the
numerator set (i.e., the set in the target color) was on the left side of the image and the
remaining set was on the right side of the image with a gap between them.

Integrated and Separated Dot Grids (Discrete, Predictable). Dot grids were created

by organizing the dots into a grid with rows of 10. The grid was then randomly placed
within the image boundaries. For the integrated dot grid, the dots were randomly distributed
in terms of color so that they were intermixed within and across rows. In the spatially
separated dot grids, the target color (i.e., numerator) was always used first, followed by

the other color, which began immediately after the numerator set was completed (i.e., the
transition from orange to blue, or vice versa, could occur at any point within a row).
Notably, this instantiation of spatial separateness within dot grids is distinct from the dot
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clouds, rectangles, and blobs, which we come back to in the Discussion when interpreting
the pattern of results.

Integrated and Separated Blobs (Continuous, Unpredictable). Blobs were created by
generating a random set of points on an x-y grid and using the Graham’s scan algorithm to
find the convex hull of those points, then smoothing along this outer edge and scaling the
blob on the x-y plane to create the required approximate total area. For the integrated blob,
the orange and blue components were presented as part of a single blob that was randomly
placed within the image boundaries. The two sub-components were created by adding a
straight line between two points (the start point was randomly selected, and the endpoint
was determined based on the required proportion). For the separated blobs, two blobs were
created, one orange and one blue, and placed next to each other, with a set space between
them. The numerator color was always placed to the left of the other color and the blobs
were center aligned.

Integrated and Separated Rectangles (Continuous, Predictable). Rectangles were
created by randomly selecting a width between a set minimum and maximum value and
then calculating the required height to match the required total area for that stimulus. For
the integrated rectangle, the two sub-components were stacked on top of each other to create
a single rectangle with the bottom and top of the rectangle colored the assigned numerator
color and the remaining color, respectively. The rectangle was then randomly placed within
the image boundaries. For the separated rectangles, two rectangles were created, one orange
and one blue, and placed next to each other with the numerator on the left, a set space
between them, and aligning on the lower edge

Procedure: The study was completed entirely online. We required participants use a device
with an external keyboard (i.e., a laptop or a desktop) but did not restrict screen size.
Consent and demographics occurred on Qualtrics and the proportion comparison task was
programmed in jsPsych and presented via cognition.run. In Qualtrics, adults were randomly
assigned to one of two colors to use as the numerator when making judgements (blue or
orange) and one of the eight visual formats.

After the consent and demographic survey, participants were redirected to the proportion
task where their screen was automatically converted to full screen. During the instruction
phase, adults were told about a magic ball that could only land on blue and orange. Adults
were shown an image in their condition-specific format with 85% colored the assigned
numerator color and told about the probabilistic relation between the proportion display
and the magic ball outcome. For example, if the participant was assigned to have orange
as the primary color, then 85% of the colored portion was orange and the remaining 15%
blue. They would then be told that if the magic ball was thrown at the image 100 times,

it would land on orange about 85 times, and that we would say the image had an 85%
probability of resulting in an orange outcome. Adults were then told they would see two
images simultaneously and their task was to select which image had a higher probability of
an orange outcome as quickly as they could. After the instruction phase, adults completed
eight practice trials with feedback (i.e., told if they were correct or incorrect). The eight
practice trials included four very easy problems (11/14 vs. 2/20; 2/40 vs. 46/50; 38/40
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vs. 3/50; 3/14 vs. 18/20) and four problems randomly selected from the test trials. After
practice, adults completed 124 total trials (the 120 test trials, plus the four easy practice
trials) randomly separated into two blocks of 62 trials each, with a pause screen in between
if participants wanted a break. The four easy problems used during practice were repeated
during the test block to provide a measure of sustained attention. On each trial, the two
images remained visible for a maximum of 1200 ms, but participants had unlimited time
to respond (they could respond while the images were visible or after). After responding, a
blank screen was displayed for 500 ms and the next trial began (Figure 3).

After the proportion comparison task, participants were asked to self-report whether they
were paying attention (multiple choice: yes, sometimes, or no), to recall what decision they
were asked to make (open ended text box), what strategy they used (open ended text box),
and any comments about the study or their experience (open ended text box).

Transparency and Openness: We transparently report how we determined our sample
size, all data exclusions, all manipulations, and all measures in the study. The sample

size, design, and analysis plan were preregistered on the Open Science Framework (https://
osf.io/vb5dm/) and all materials, data, and code is also available (https://osf.io/zqxg7/).

All analyses that were not included in the preregistration are described as exploratory.

All procedures for Experiments 1 and 2 were approved by the University of Chicago
Institutional Review Board (IRB17-1599, “Relational Math Reasoning”), and participants
provided informed consent prior to participation.

Data Analysis. We used R (Version 4.4.2; R Core Team, 2024) and the R-packages
broom.mixed (Version 0.2.9.6; Bolker & Robinson, 2024), aplyr (\ersion 1.1.4; Wickham,
Francois, Henry, Muller, & Vaughan, 2023), flextable (Version 0.9.7; Gohel & Skintzos,
2024), forcats (\ersion 1.0.0; Wickham, 2023a), ggadist (\Version 3.3.2; Kay, 2024), ggplot2
(\Version 3.5.1; Wickham, 2016), ggpubr (Version 0.6.0; Kassambara, 2023), /ubridate
(Version 1.9.3; Grolemund & Wickham, 2011), purrr (Mersion 1.0.2; Wickham & Henry,
2023), readr (Version 2.1.5; Wickham, Hester, & Bryan, 2024), sjPlot (Version 2.8.17;
Lidecke, 2024), stringr (Mersion 1.5.1; Wickham, 2023b), tibble (Version 3.2.1; Miiller

& Wickham, 2023), #idyr(Version 1.3.1; Wickham, Vaughan, & Girlich, 2024), tidyverse
(\Version 2.0.0; Wickham et al., 2019) and #inylabels (Version 0.2.4; Barth, 2023) for all
data wrangling and visualization. The manuscript was written as a reproducible report in
RMarkdown using papaja (Version 0.1.3; Aust & Barth, 2024). We fit mixed effects models
using /me4 (\ersion 1.1.35.5; Bates, Machler, Bolker, & Walker, 2015) with restricted
maximum likelihood and calculated p-values using /merTest (\Version 3.1.3; Kuznetsova,
Brockhoff, & Christensen, 2017). Odds ratios are provided as estimates of effect sizes by
taking the exponential of the raw coefficients and confidence intervals of the odds ratios
were calculated using the Wald method. Additionally, we used rstan (\Version 2.32.6; Stan
Development Team, 2024) to run the Bayesian strategy models.

As pre-registered, we excluded individual trials that were less than 200ms or more than
10000 ms (0.22% of trials). We excluded entire participants from analyses if they self-
reported not paying attention (n = 1), reported substantial technical issues (n = 1), or had
50% or more of their trial-level data excluded (n = 1).
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To address our first two research questions, we use mixed effects models, with random
intercepts for participant and item and fixed effects as noted to address each research
question. To address our third research question, we use model-based strategy analysis.

Strategy Models. We mathematically formalize three possible strategies: a guessing
strategy, a numerator comparison strategy, and a proportion comparison strategy. Guessing is
a baseline strategy, defined as a 0.5 probability of selecting the correct response on any given
trial, regardless of the trial features. The numerator comparison strategy is based on models
of the approximate number system (ANS) (Feigenson et al., 2004; Odic & Starr, 2018). For
this strategy, we assume that people encode each of the two numerators separately (»; and

m), which are each represented as a normal distribution centered on the true value with a
standard deviation of w * n, where w; often referred to as the Weber’s fraction, models the
precision of the individual’s ANS. The probability of selecting the larger numerator is then
computed as the difference between these two normal distributions (Equation 1; & is the
cumulative normal distribution). We estimated wwith an exponential(1) prior and restricting
w > 0 (Piantadosi, 2016).

ny — ml
w\/(nf + n%)

(Equation 1)

To formalize a proportion comparison strategy, we used a one-cycle power model for
estimating the value of each of the two proportions (Hollands & Dyre, 2000), then took

the difference between these estimates as a predictor of the probability of success using a
binomial function (Equation 2). This model includes two parameters. The first parameter,
A, is modeled using an exponential(1) prior and is based on the psychophysics of Stevens’
power law, which claims that the perceived value of a stimulus can be best represented as

a power of its true value (Stevens, 1957). This same parameter is applied to each of the

two subsets - the numerator amount and the remaining non-numerator amount - and then
the two components are combined using basic arithmetic (numerator estimate/(numerator
estimate + non-numerator component estimate)). The second parameter, B; is modeled with

a normal(0, 3) prior and is a scale parameter multiplied by the absolute difference between
the two proportion stimulus estimates. The Hollands and Dyre (2000) proportion model is

a model of proportion estimation, and there is not a clear way to model the comparison of
two proportions. Thus, the difference between the two estimates provides a simple approach
and the scale parameter captures the strength of the association between this difference and
accuracy. Previous work using this model on similar tasks has found that when comparing
the fit of four proportion strategy models the strategy based on the one-cycle power model fit
similarly to the other proportion models in most cases (Hurst & Piantadosi, 2024).

nf nl

rf+nf rg+néj
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(Equation 2)

To formalize our strategy comparison, we used a mixture model that simultaneously
estimated the parameters required for each of the three models described above and a vector
of three probability weights, one for each model. We model the accuracy on each trial using
a Bernoulli function with the probability of success as a weighted probability of success
marginalized over the three strategy models, using a softmax function. Parameters were
inferred using a No-U-Turn sampler (Hoffman & Gelman, 2014) sampling four chains each
with 5000 iterations, using 50% as warm up. We ran our mixture model on each individual
participants’ data separately, resulting in estimated probability weights on a person-level.
Model diagnostics showed appropriately large effective sample sizes (minimum = 2,184.32)
and all R = 1, suggesting the models did converge (Stan Development Team, 2024). One
participant showed one divergent transition in the spatially integrated blobs condition, but
we have opted to retain this participant in the analyses, as the overall results are identical
when this individual is included vs. excluded.

Participants scored very well on the “easy” items, both when presented during practice
with feedback, M =0.97, and during the test trials without feedback, M =0.99. For the
remaining primary analyses, we only include the trials during the two test blocks (i.e.,
without feedback) and do not include these “easy” trials (both with and without feedback).
Following our pre-registered data analysis plan, we use four distinct sets of analyses to
address our research questions, as well as additional exploratory analyses as noted.

For what kinds of stimuli are adults sensitive to the congruency between the
size of the numerator and the overall proportion?: First, we compared behavior
on trials where the numerator was congruent with the correct proportional response (e.g.,
3/4 vs. 2/3) and trials where the numerator was incongruent with the correct proportional
response (e.g., 4/9 vs. 2/3), using logistic mixed effects models on each of the eight visual
formats separately, with congruency as a fixed effect and random intercepts for participant
and item. We predicted a significant effect of numerator congruency in each of the eight
formats.

In line with our predictions, there was a significant effect of numerator congruency in

each of the eight formats, with higher scores when the numerator was congruent with

the correct proportional response compared to when it was incongruent with the correct
proportional response (see Table 1 for a summary, and Supplemental Tables S1-S8 for full
results with each format). However, the size of this difference varied dramatically across
formats (Figure 4, Panel A). In exploratory follow-up analyses, we compared behavior on
the numerator incongruent trials to chance using similar mixed effects models, but with only
a fixed intercept (i.e., a significantly positive intercept suggests a higher probability of being
correct and a significantly negative intercept suggests a higher probability of being incorrect,
on average). We are interpreting significance based on a Bonferroni corrected alpha for

the family of eight tests (adjusted alpha = .006). Overall, we find that on the numerator
incongruent trials, when comparing spatially separated blobs and spatially separated dot
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clouds, participants were significantly more likely to select the numerator response than

the proportional response (i.e., performance significantly below chance). In contrast, when
comparing both integrated and separated dot grids, participants were significantly more
likely to select the proportional response than the numerator response (i.e., above chance on
numerator incongruent trials). In all other cases, the intercept was not significantly different
from zero (note that comparing integrated rectangles was significant at an alpha of .05,
which did not hold up to corrections for multiple comparisons).

How do each of the operationalized stimulus features impact proportion
comparison behavior?: Second, we separately address whether each of the three
features we operationalized (discreteness, spatially separateness, and predictability) impact
behavior and interact with numerator congruence. To do so, we used separate logistic
mixed effects models with the target feature, numerator congruency, and their interaction as
fixed effects, and random intercepts for participant and item. Notably, although these three
features are not natural categories and are likely to interact, investigating each independently
allows us to simplify the stimulus space and to align with prior research that has considered
these features in narrower comparisons. After investigating each feature independently, we
turn to the full model that incorporates interactions directly, as well as analyses of inferred
strategies within each format separately.

Discreteness. Both discreteness (0 = discrete, 1 = continuous; centered to be —0.50 and
0.50, respectively) and numerator congruence (0 = incongruent, 1 = congruent; centered

to be —0.50 and 0.50, respectively) were centered to facilitate interpretation (full model
results are in Supplemental Table S9). There was a significant main effect of discreteness,
b=-0.19, SE = 0.09, OR=0.83, 95% CI[0.70, 0.98], z = —2.15, p = .031, with lower
accuracy on average for continuous trials, M = 0.69 (SD = 0.15), than for discrete trials, M
=0.72 (SD = 0.16). There was also a significant main effect of numerator congruence, as
above (i.e., higher average accuracy on numerator congruent trials than incongruent trials),
b=2.19, SE =0.13, OR=8.91, 95% CI[6.88, 11.55], z = 16.58, p < .001. However, there
was not a significant interaction, 6= 0.06, SE = 0.05, OR = 1.07, 95% CI[0.96, 1.18],

z =126, p=.207. Thus, the pattern for discreteness was not as hypothesized and in fact
is the opposite pattern than what is typically reported, with overall lower accuracy on
continuous trials than discrete trials.

Spatial Separateness. Both spatial separateness (0 = separate, 1 = integrated; centered to
be -0.49 and 0.51, respectivelyz) and numerator congruence were centered to facilitate
interpretation (full model results are in Supplemental Table S10). There was a significant
interaction between numerator congruence and spatial separateness, 4= —0.60, SE = 0.05,
OR=0.55, 95% CI[0.50, 0.61], z = —11.61, p < .001. Specifically, although the predicted
effect of numerator congruency (i.e., congruent > incongruent) was significant for both
spatially separated and integrated stimuli (see Table 1), the effect was larger for spatially
separated stimuli. Analyzed another way, for numerator congruent stimuli, there was not a
significant difference between spatially separated, M = 0.88 (SD = 0.07), and integrated

2Because of uneven sample sizes and/or trial numbers (after exclusions), some centering is not exactly at —0.5 and 0.5.
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stimuli, M =0.87 (SD = 0.08), b=-0.10, SE = 0.07, OR=0.91, 95% CI[0.79, 1.05],

z = —1.34, p=.182. In contrast, for numerator incongruent stimuli (i.e., cases where the
smaller proportion had the larger numerator) performance was significantly lower for
spatially separated stimuli, M = 0.48 (SD = 0.24), than for integrated stimuli, M = 0.58 (SD
=0.23), b=0.51, SE = 0.13, OR=1.67, 95% CI[1.30, 2.14], z = 4.05, p < .001. Together,
these complementary interpretations of the interaction suggest that the negative effect of
having an incongruent numerator was larger when the stimuli were spatially separated, and
put another way, the effect of having spatially separated components was larger when the
numerator was incongruent.

Predictability. Both predictability (0 = less predictable, 1 = more predictable; centered

to be —0.51 and 0.49, respectively) and numerator congruence were centered to facilitate
interpretation (full model results are in Supplemental Table S11). As with spatial
separateness, there was a significant interaction between numerator congruency and
predictability, 6= -0.53, SE = 0.05, OR=0.59, 95% CI[0.53, 0.65], z= —10.34, p < .001.
Again, although the predicted effect of numerator congruency (i.e., congruent >
incongruent) was significant for both less predictable and more predictable stimuli (see
Table 1), the effect was larger for less predictable stimuli. Unlike spatial separateness
however, the simple comparisons are all significant. That is, there is a significant, though
small, difference between more predictable and less predictable stimuli for numerator
congruent trials, with higher performance on the more predictable stimuli, M = 0.88 (SD

= 0.08), than the less predictable stimuli, M = 0.86 (sD = 0.07), b=0.21, SE =0.07, OR
=1.23,95% CI[1.07, 1.42], z = 2.85, p = .004. Similarly, there was a significant and larger
difference for numerator incongruent stimuli, again with more predictable stimuli resulting
in higher performance, more predictable: 0.60 (SD = 0.23), less predictable: 0.46 (SD =
0.23), b=0.81, SE =0.12, OR=2.25, 95% CI[1.77, 2.87], z = 6.62, p < .001. In other
words, when the numerator was congruent with the proportion magnitude, performance was
high regardless of the predictability of the stimulus, with only a small difference. In contrast,
when the numerator was incongruent with the proportion magnitude, performance was lower
for unpredictable stimuli and higher for predictable stimuli (though, still not as high as for
numerator congruent stimuli).

Are the effects of stimulus features independent, overlapping, or interacting
with each other?: Third, we use model comparisons to test whether the effects of
discreteness, spatial separateness, and predictability explain unique variance or whether

a more parsimonious model including only a subset of these features (and/or their
interactions) explains maximal variance. To do so, we built a complete model with all

main and interaction effects and compared that model to simplified models removing each
feature (results of this full model are provided in Supplemental Table S12). When each
feature was removed, the simplified model did not include any of the main or interaction
effects involving that feature. Overall, we find that the full model is a better fit to the

data (using chi-square tests, AIC, and BIC), than any of the simplified models (see

Table 2 for model comparisons). This result suggests that the dimensions of discreteness,
separateness, and predictability (as operationalized here) each explain additional variance in
behavior over and above each other. Furthermore, in the full model, the four-way interaction
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between numerator congruency, discreteness, separateness, and predictability is statistically
significant, = 1.07, SE = 0.21, OR=2.92,95% CI[1.95, 4.39], z = 5.17, p < .001. Although
the exact meaning of this interaction is difficult to interpret, it does suggest that the effect

of each spatial feature cannot be interpreted separately from the others, and instead unique
combinations of these features, instantiated within a single format, may drive behavior.

How does strategy use vary across formats?: In our final data analysis approach,
we focus on three strategies adults may be using (guessing, numerator comparison,
proportion comparison) and use a Bayesian mixture model to estimate the probability

that each individual is relying on each of the three strategies in each of the stimulus
formats separately. In prior work, we used a similar approach to mathematically formalizing
individual strategies and used model comparison to infer which strategy best fit people’s
behavior (Hurst & Piantadosi, 2024). Here, we use a mixture model to derive a more
continuous estimate of the probability that each individual is relying on each of the three
modeled strategies, relative to each other. We also report exploratory binomial exact tests
comparing the number of individuals whose numerically highest probability weight was on
the numerator strategy vs. the proportion strategy (Table 3).

Estimated probability weights for each of the three strategies at an individual and
summarized level are provided in Figure 4, Panel B and Table 3. Overall, we find that

the probability weights on the guessing strategy were low across all formats, with no
participants having this strategy as their most probable strategy. In contrast, the relative
probability of the numerator and proportion strategies varied across formats. Specifically,
when comparing separated blobs and separated dot clouds, average probability weights are
much higher for the numerator strategy than the proportion strategy and the distribution

of individual level data suggests that the numerator strategy had the highest probability
weight for most participants. In contrast, when comparing dot grids, both integrated

and separated, the average probability weight is higher for the proportion strategy (vs.
numerator), and again the individual level distribution is skewed with most participants
having a dominant proportion strategy. In the remaining format conditions (integrated
blobs, separated and integrated rectangles, integrated dot clouds), the probability weight
is, on average, also higher for the proportion strategy than the numerator strategy. Notably,
however, the difference is less extreme, and the distribution of individual level data shows
some bimodality, with the number of participants being grouped as proportion vs. numerator
strategy users not significantly different than 50:50.

Although our primary interest is in the estimated mixture weights, both the numerator
heuristic strategy and the proportion comparison strategy included additional parameters
that were simultaneously estimated in the mixture model. Here, we broadly discuss the
overall patterns (all parameter estimates are reported in Supplemental Tables S23 and S24).
Estimates of the weber fraction from the numerator heuristic strategy ranged from 0.28 to
0.80 for the full sample, similar to what has been reported previously (Hurst & Piantadosi,
2024) and higher than is typically reported for weber fractions generated from absolute
magnitude comparisons specifically (Odic et al., 2013). However, when looking at just

the subset of the sample where the highest strategy estimate was the numerator heuristic
strategy, the weber fractions were much lower, closer to what is typically reported for
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adults in an absolute magnitude comparison task (Odic et al., 2013): when comparing blobs,
rectangles, or dot clouds, the weber fractions were between 0.13 — 0.16; when comparing
dot grids, the estimates are slightly higher at 0.20 and 0.35. The proportion comparison
strategy included a g parameter (used in the calculation of the proportion estimate) and a

B; parameter (used as a scale parameter on the association between the difference between

the two proportion estimates and the overall accuracy). As found previously in Hurst and
Piantadosi (2024), s parameter estimates were larger than expected, all above one, ranging
from 1.27 to 2.09. The B; parameter estimates ranged from 2.93 to 7.48, though this value is

difficult to interpret theoretically (we discuss this more in the General Discussion).

There are two key findings from Experiment 1. First, regardless of the format of the
stimulus, adults” behavior was modulated by the congruency between the size of the
numerator and the value of the overall proportion magnitude: adults made more errors when
the numerator comparison was incongruent with the proportion comparison. Although many
prior studies have investigated numerical interference in discrete proportional reasoning,
here we reveal that this is a much broader phenomena: even when the numerator is

entirely non-numerical and based on continuous area, the relative size can negatively impact
proportional reasoning.

Second, despite all visual formats revealing main effects of numerator congruency, estimates
of strategy use from the mathematical models revealed variability in the preferred strategy
across formats. Most adults relied primarily on a numerator strategy with separated blobs
and separated dot clouds — stimuli that we operationalized as having spatially separated
components and less predictable proportional structure. In contrast, most adults relied

on a proportion strategy with dot grids (both integrated and separated), stimuli that we
operationalized as more predictable and discrete. One possible explanation for both patterns
of results is that proportional strategies are inhibited (and/or numerator strategies are more
salient) when the whole in the part-whole proportional relation is less clearly accessible (as
in separated blobs and dot clouds) but are facilitated when the whole is readily available
and predictable (as in the dot grids). The remaining formats did not show group level
preferences, suggesting variability potentially due to individual differences.

At first glance, it may seem contradictory that the formats with the lowest rates of
proportional behavior were spatially separated (blobs, dot clouds), but the formats with

the highest rates of proportional behavior also included spatially separated variations (dot
grids). However, it’s worth noting an important distinction in how we operationalized
separateness across formats. For dot clouds and blobs, spatial separateness was created by
putting the blue and orange subcomponents next to each other with an actual space between
them. In contrast, for dot grids, spatial separateness was created by putting the blue and
orange subcomponents sequentially in the grid formation — making them not integrated (and
therefore contrasting with the integrated dot grid), but also not spatially separated to the
same extent as in the other formats. This issue arises because dot grids allow for three levels
of integration/separateness that are not as easy to instantiate in either dot clouds or single
shapes: entirely spatially separated (as in the separated dot clouds and blobs/rectangles),
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sequential but not separated (as in the integrated rectangles/blobs), and fully intermixed (as
in the integrated dot clouds); however, in the current study we chose only the latter two for
dot grids, which are more closely aligned with different instantiations of “integrated” in the
blobs/rectangles and dot clouds, respectively. It may be that the predictability of the dot grid,
which remained a single contiguous dot grid for both separated and integrated variations,
drove the proportional behavior found in both cases.

This explanation, however, does not explain why people were not consistently proportional
with the rectangle stimuli. We predicted low errors and high use of a proportion strategy
for stacked rectangles (i.e., more predictable, integrated, and continuous stimuli), but instead
found evidence of numerator congruency effects on par with other formats, numerically
lower use of a proportion strategy than some discrete representations, and some bimodality
suggesting individual differences. Moreover, our operationalization of spatial separation for
dot grids means that the /nfegrated rectangles were in some ways more perceptually similar
to the separated dot grids, and yet people were consistently proportional with the separated
dot grids and inconsistent (i.e., no dominant strategy) with the integrated rectangles. One
possibility is that the varied widths of the rectangles, but not the dot grids (consistent

rows of 10), decreased the predictability of these stimuli, making proportional information
more difficult or less salient. Previous work has shown high performance with continuous
proportions that are highly predictable and familiar, such as pie charts and annuli (Hurst

& Piantadosi, 2024; Jeong et al., 2007) and consistent width rectangles (Abreu-Mendoza

et al., 2023; Boyer et al., 2008). One possibility is that the rectangles used here were in
some way less predictable than these previously used stimuli. We probe this issue further in
Experiments 2 and 3.

Experiment 2

When analyzed in terms of discreteness, Experiment 1 revealed a surprising pattern of
results: participants performed more proportionally with discrete stimuli (on average, across
instantiations of discrete) than continuous stimuli (on average, across instantiations of
continuous). This finding is counter to what has been previously reported for both adults
and children (Boyer et al., 2008; Hurst & Piantadosi, 2024; although there are some

cases involving symbolic fractions where discrete stimuli lead to better performance than
continuous stimuli: DeWolf et al., 2013; Hurst et al., 2022). In Experiment 2, we contrast
behavior with pie charts, a highly predictable and canonical continuous representation,
with intermixed dot clouds. This comparison allows us to ensure that the surprising
patterns found in Experiment 1 are not due to incidental features of the paradigm (e.g.,
the novel “magic ball” probability scenario), data collection method (Prolific samples), or
data analysis approach, and instead may be due to nuances in the format of the visual
proportions.

Thus, in Experiment 2 we address the same three research questions as in Experiment 1, but
isolated to the specific contrast of pie charts vs. integrated dot clouds
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Participants: We collected data as in Experiment 1 from 100 adults (M, = 41.33 years,

SD =14.62) in the United States, with 50 randomly assigned to the pie chart condition and
50 to the integrated dot cloud condition. Based on self-report, the sample was 45% men,
54% women, and 1% nonbinary. Just over half the participants reported having at least a
bachelor’s degree or equivalent (56%). Race and ethnicity was reported as 76% white, 5%
Asian, 15% Black or African American, and 3% selecting more than one race. Additionally,
12% reported being Hispanic or Latine.

Stimuli, Material, and Procedure: We used an identical paradigm as Experiment 1

but administered via Pavlovia (https://pavlovia.org) and with only two between subject
formats: pie charts and dot clouds. Thus, half the participants were randomly assigned to the
discrete condition, which was identical to the integrated dot cloud condition in Experiment
1. The remaining participants were randomly assigned to the pie chart condition. In this
condition, the stimuli were pie charts with one segment colored the numerator color and the
rest colored the other color (see Figure 2). As in Experiment 1, the two colors were blue
and orange and which was the numerator color was counterbalanced across participants.
Other aspects of the pie charts were determined as described for the blobs in Experiment

1 and the pie charts were randomly oriented and placed within the image boundaries. The
radius was determined so that the area of the pie charts matched the cumulative area of the
corresponding dot stimulus.

Transparency, Openness, and Data Analysis: Experiment 2 was also preregistered
(https://osf.io/uyx5s/) and all data, materials, and code are provided on the same OSF project
page as Experiment 1 (https://osf.io/zgxg7/).

We used the same exclusion criteria, which resulted in no participants being excluded at the
participant level and 0.07% of trial level data being excluded for having reaction times that
were too short or too long. We used the same general analytical framework, but without
model comparison, given that there are only two formats under consideration, resulting in
easily interpretable parameters.

Participants scored very well on the “easy” items, both when presented during practice
with feedback, M =0.96, and during the test trials without feedback, M =0.98. For the
remaining primary analyses, we only include the trials during the two test blocks (i.e.,
without feedback) and do not include these “easy” trials (with or without feedback).

For what kinds of stimuli are adults sensitive to the congruency between the
size of the numerator and the overall proportion?: As in Experiment 1, we find a
significant effect of numerator congruence, with higher performance on congruent trials than
incongruent trials, for both the pie chart comparisons and the intermixed dot comparisons
(see Table 1 for summary and Supplementary Tables S13, S14 for full results).
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How does performance vary between pie charts and dot clouds?: As in
Experiment 1, we used a logistic mixed effects model with format (0 = discrete dots,

1 = continuous pie charts; centered to be —0.50 and 0.50, respectively) and numerator
congruence (0 = incongruent, 1 = congruent; centered to be —0.50 and 0.50, respectively)
and their interaction as fixed effects (Figure 5, Supplementary Table S15). In contrast to
Experiment 1, but consistent with prior work, we find a significant main effect of format,
with higher performance for pie charts compared to dot clouds, 6= 0.81, SE = 0.15, OR
=2.26, 95% CI[1.68, 3.03], z = 5.41, p < .001. There was also a significant interaction
between format and numerator congruence, 6= -1.00, SE = 0.11, OR = 0.37, 95% CI[0.30,
0.45], z = —9.35, p < .001, revealing that the size of the numerator congruence effect (i.e.,
congruent > incongruent) was much larger for the discrete dot clouds than the continuous pie
charts.

How does strategy use vary across format?: Estimated probability weights for
each of the three strategies at an individual and summarized level are provided in Figure

5, Panel B and Table 3 (parameter estimates are provided in Supplementary Tables S23,
S24 and show a similar pattern to Experiment 1). As predicted, when comparing pie

charts, the average probability weights are much higher for the proportion strategy than the
numerator strategy and the distribution of individual level data is highly skewed, suggesting
little individual variability. When comparing dot clouds, the average probability weight is
also higher for the proportion strategy than the numerator strategy, but this difference is
substantially smaller and the distribution of individual level data is somewhat bimodal,
indicative of individual differences (replicating Experiment 1). Specifically, it may be that
some individuals are relying on a proportion strategy over a numerator strategy and others
are relying more on a numerator strategy, rather than a proportion strategy when processing
discrete dot clouds. Furthermore, using a #test to directly compare the use of a proportion
strategy across the two formats, we find that adults were significantly more likely to use
the proportion strategy with pie charts than with the dot clouds, AM = —0.24, 95% CI
[-0.34, — 0.15], #(85.51) = —5.04, p < .001.

Findings from Experiment 2 suggests that the lower-than-expected performance and reliance
on a proportion strategy for stacked rectangles in Experiment 1 is unlikely to be the result
of the paradigm and instead are due to features of the specific formats. Notably, pie

charts, rectangles, and blobs vary in terms of what information is needed to generate the
proportional value. Pie charts can be interpreted using only one piece of information: the
angle of the segment, while the size and radius of the pie chart can be ignored. Additionally,
pie charts are likely to be familiar for adult participants, providing them with substantial
practice using the angle information to infer proportions. For rectangles (in Experiment 1),
the heights of both the blue and orange subcomponents (or one of the components and

the whole height) must be integrated together to generate a proportion value. Finally, for
blobs (in Experiment 1), the entire surface area was needed to generate a proportional value
because they lacked a predictable structure entirely: each was different and varied in both
the horizontal and vertical axis, making it impossible to use a single dimension alone. Thus,
it may be that the predictability of common continuous representations, including pie charts
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and annuli (Hurst & Piantadosi, 2024; Jeong et al., 2007; Mock et al., 2018) is what drives
the typically reported benefit of continuous representations of proportion.

However, it is still an open question as to why continuous and integrated rectangles resulted
in lower proportional reasoning than we expected based on prior work. One difference
between previous work and the current study is that previous studies use rectangles with
consistent widths across stimuli (Abreu-Mendoza et al., 2023; Begolli et al., 2020; Boyer

et al., 2008), but in the current study, the widths varied across stimuli. For example, when
widths are equal a rectangle of denominator 10 will be taller than a rectangle of denominator
8, which may simplify comparisons across proportions; whereas when the width varies (as
they did in Experiment 1), a rectangle of denominator 10 will have a larger surface area than
a rectangle of denominator 8 but may not be taller. Although the width can be ignored to just
encode the proportion from a single rectangular proportion, the comparison process across
rectangles of different widths may still add an additional level of difficulty.

Experiment 3

Experiments 1 and 2 provide an implicit comparison of rectangles vs. pie charts, revealing
more consistent proportional behavior for pie charts (in Experiment 2) than rectangles (in
Experiment 1), however we did not directly compare these in the same experiment. In
Experiment 3, we explicitly compare annuli (a modified donut-like pie chart) and rectangles.
We choose annuli because substantial prior work has used them with both children and
adults (Abreu-Mendoza et al., 2020; Hurst & Cordes, 2018; Jeong et al., 2007), and they
may make it more difficult to rely on angle alone (i.e., which of the two pie charts has the
larger angle).

Additionally, prior work with children has shown a difference between continuous and
discretized shapes (i.e., rectangles with added unit demarcation lines) (Boyer et al., 2008;
Hurst & Cordes, 2018; Hurst et al., 2020; Jeong et al., 2007). That is, when continuous
rectangles or circles are divided into unit size pieces - and otherwise unchanged - children
make systematic number-based errors that they don’t make when the shapes are undivided.
However, these same effects have not been shown in adults, making it unclear whether
the patterns of discreteness typically reported for children using discretized stimuli may
be qualitatively different than those shown for adults using fully discrete stimuli. Thus,

in Experiment 3, we ask whether adults are sensitive to the mere presence of discrete
information in discretized formats (i.e., continuous formats with divisions, as opposed to
fully separate discrete entities such as dot clouds).

In summary, in Experiment 3, we address the same three research questions as

in Experiments 1 and 2 about numerator congruency effects, format differences in
performance, and format differences in strategy use. However, we include new contrasts
between rectangles versus annuli and undivided (i.e., continuous) versus divided (i.e.,
discretized) shapes to ask more nuanced questions about the nature of format effects.
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Participants: We collected data as in the previous experiments from 200 adults (M g, =

36.02 years, SD = 11.07) in the United States. Because of uneven drop out on Prolific,

the sample size varied slightly in each of the four conditions, as follows: 50 compared non-
divided donut pie charts, 49 compared divided donut pie charts, 49 compared non-divided
rectangles, and 52 compared divided rectangles. The sample was 45% men, 52% women,
and 3% nonbinary. A little less than half the sample reported having at least a bachelor’s
degree or equivalent (43%). Race and ethnicity was reported as 79% white, 8% Asian, 10%
Black or African American, and 3% selecting more than one race. Additionally, 8% reported
being Hispanic or Latine.

Stimuli, Material, and Procedure: The paradigm was identical to that used in
Experiments 1 and 2 except that adults were assigned to one of four conditions that varied
along two dimensions: shape (annulus vs. rectangle) and dividedness (i.e., divided lines
making it discretized or no divided lines). Rectangles were created as in Experiment 1 by
randomly selecting a width and then calculating the required height. However, because the
width and heights were calculated for the divided and non-divided rectangles separately, the
same stimulus pairs in each of the two conditions likely had different dimensions. Annuli
were created as in the pie charts in Experiment 2, but with a small circle removed from the
center to make the angle less transparent (see Figure 2). The divided stimuli were created
by also including divided lines to demarcate the units. Thus, like the discrete conditions
(i.e., dots) in Experiments 1 and 2, the divided condition made numerical information about
the subsets available through counting or estimating the number of units. However, the
part-whole information typical of integrated continuous formats was a/so available, because
the whole shape remained a single intact whole. Additionally, we used lighter shades of blue
and orange than in Experiments 1 and 2 so that the unit lines were more visible. All other
aspects of the paradigm and procedure were identical to the previous experiments.

Transparency, Openness, and Data Analysis: Due to an oversight, Experiment 3 was
not preregistered. Instead, we follow the planned sample size guidelines, exclusion criteria,
and analysis plan preregistered for Experiments 1 and 2. All data, materials, and code are
provided on the same OSF project page as the other experiments (https://osf.io/zgxg7/).

We used the same exclusion criteria, which resulted in no participants being excluded at
the participant level and 0.24% of trial level data being excluded for having reaction times
that were too short or too long. Experiment 3 was approved by the Rutgers University
Institutional Review Board (Pro2023001930, “Characterizing Quantitative Development”).

Participants scored very well on the “easy” items, both when presented during practice
with feedback, M =0.98, and during the test trials without feedback, M/ =0.98. For the
remaining primary analyses, we only include the trials during the two test blocks (i.e.,
without feedback) and do not include these “easy” trials (with or without feedback).
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For what kinds of stimuli are adults sensitive to the congruency between the
size of the numerator and the overall proportion?: There was a significant effect
of numerator congruence in each of the four formats, with higher performance when the
numerator was congruent with the correct proportional response compared to when it was
incongruent with the correct proportional response (see Table 1 and Supplementary Tables
S16-S19). However, the size of this difference varied across formats (Figure 6, Panel A).
As in Experiment 1, we compared behavior on the numerator incongruent trials to chance
and are interpreting significance based on a Bonferroni corrected alpha for the family of
four tests (adjusted alpha = .012). Overall, we find that when asked to compare divided

and non-divided annuli and divided rectangles, participants were significantly more likely
to select the proportional response than the numerator response on numerator incongruent
trials. When comparing non-divided rectangles, the intercept was not significantly different
from zero (note that, as for Experiment 1, comparing non-divided, integrated rectangles was
significant at an alpha of .05, though did not hold up to corrections).

How does each stimulus feature (discreteness & shape) impact proportion
comparison behavior?

Discrete Units. We used a logistic mixed effects model with discreteness (0 = discrete,

1 = continuous; centered to be —0.50 and 0.50, respectively) and numerator congruence

(0 = incongruent, 1 = congruent; centered to be —0.50 and 0.50, respectively) and their
interaction as fixed effects (see Supplementary Table S20). There was only a significant
main effect of numerator congruence, as above (i.e., higher average accuracy on numerator
congruent trials than incongruent trials), 6= 1.83, SE = 0.16, OR = 6.23, 95% CI[4.55,
8.52], z = 11.44, p < .001. There was not a significant main effect of discreteness, 6= 0.18,
SE =0.11, OR=1.19, 95% CI[0.97, 1.47], z = 1.65, p = .098, or an interaction, 6= 0.07, SE
=0.08, OR=1.08, 95% CI[0.93, 1.25], z = 0.96, p = .338.

Shape. We again used a logistic mixed effects model this time with shape (0 = rectangle,

1 = annulus; centered to be —0.49 and 0.51, respectively) and numerator congruence (coded
as previously) and their interaction as fixed effects (see Supplementary Table S21). There
was a significant interaction between numerator congruency and shape, 6= -0.51, SE =
0.08, OR=10.60, 95% CI[0.52, 0.70], z = —6.72, p < .001. Specifically, although there was
a significant effect of numerator congruency for both rectangle and annulus stimuli (as
discussed above), the effect was larger for rectangles. Analyzed another way, for numerator
congruent stimuli, there was not a significant difference between the two shapes: comparing
annuli, 0.89 (sDb = 0.07), comparing rectangles, 0.89 (SDp = 0.08), 6=-0.03, SE = 0.11,
OR=10.97, 95% CI[0.78, 1.21], z = —0.29, p = .770. In contrast, for numerator incongruent
stimuli, there was a significant difference, with higher performance with the annuli, 0.69
(SD = 0.14), than with the rectangles, 0.60 (sD = 0.20), b= 0.46, SE = 0.13, OR = 1.59,
95% CI[1.22, 2.07], z = 3.45, p < .001. In other words, as we found in Experiment 1, when
the numerator and proportion values were in conflict, this had a larger negative impact on
behavior for stimuli that provide less predictable ways to extract the proportion versus more
predictable or simplified processes for extracting the proportion (i.e., rectangles vs. annuli in
Experiment 3, blobs vs. rectangles in Experiment 1).

J Exp Psychol Gen. Author manuscript; available in PMC 2026 January 27.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnuen Joyiny

1duosnuep Joyiny

Hurst and Levine

Discussion

Page 23

Do these effects interact with each other?: Finally, we built a complete model with
all main and interaction effects and compared that model to simplified models removing
each feature in turn (results of the full model are provided in Supplemental Table S22).
When each feature was removed, the simplified model did not include any of the main or
interaction effects involving that feature. Overall, we find that the full model is a better

fit to the data, however it is less clear cut than in Experiment 1 (see Table 4 for model
comparisons). Certainly, the model removing shape as a predictor has a less good fit

(using chi-square tests, AIC, and BIC) than the full model. However, the model removing
discreteness shows some inconsistency across metrics - worse fit according to BIC but better
fit according to AIC and the chi-square test. Here, because most of the metrics suggest

the full model and the discreteness predictor significantly interacts with other variables

in the full model, we interpret the full model as being a better fit. As in Experiment 1,

the overall interaction in the full model between numerator congruency, discreteness, and
shape is statistically significant, 6= -0.61, SE = 0.15, OR = 0.54, 95% CI[0.40, 0.73],

z= —4.01, p < .001. Although the exact meaning of this interaction is difficult to interpret,
it does suggest that these features are not independent - consistent with Experiment 1 and the
overall variation evident in Figure 6.

How does strategy use vary across formats?: In all cases, the strategy with

the highest average estimate was the proportion strategy, followed by the numerator
strategy, with very little reliance on guessing (Figure 6 and Table 4; see Supplemental
Tables S23, S24 for parameter estimates). However, there was also substantial variability
across formats, with the non-divided annulus resulting in the highest use of a proportion
strategy. Using #tests to compare the estimated weight of the proportion strategy

across formats, we find that adding divided lines to the annuli significantly decreased
reliance on a proportion strategy, 4AM = 0.09, 95% CI [0.03,0.15], #(83.52) = 2.88, p = .005.
Additionally, the average weight of the proportion strategy was significantly lower when
comparing non-divided rectangles than when comparing non-divided annuli, AM = 0.22,
95% CI [0.13,0.31], #(61.41) = 4.76, p < .001. However, use of a proportion strategy did

not significantly differ between divided annuli and divided rectangles, AM = 0.04, 95%

Cl [-0.05,0.13], #(89.37) = 0.88, p = .379 or between divided and non-divided rectangles,
AM = —0.08, 95% CI [-0.20,0.03], #(94.98) = — 1.49, p = .139. It is also worth noting that,
as in Experiments 1 and 2, strategy use with both the non-divided and the divided rectangles
appears to be at least somewhat bimodal, suggesting there may be individual differences.

As in Experiments 1 and 2, we find that congruency between the numerator and the overall
proportion impacts behavior for all formats tested, but that the strength of this effect varied.
In Experiment 3, we had two specific sources of variation to investigate: differences between
annuli and rectangles, as another test of predictability in extracting proportional information
by using shapes that vary in how much information is required to infer the proportion,

and the presence of units, by comparing divided and non-divided shapes. First, we find
higher performance on annuli than rectangles. Even with the center angle removed, the

high predictability of a pie chart led to more proportional reasoning and fewer errors than
the rectangles. Second, the effect of the presence of numerical information through unit
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divisions was inconsistent. The full model fit the data better, on most metrics, than the model
without discreteness as a factor and discreteness interacted significantly with other features
in the full model. Additionally, strategy analyses reveal that the inclusion of divided lines
decreased reliance on a proportion strategy for annuli, but not for rectangles. It could be

that because rectangles were already more difficult, even when continuous, adding divided
lines did not add to this difficulty, nor substantially change people’s strategies. In contrast,
for annuli, where participants were very likely to use a proportion strategy, this tendency
decreased with the addition of demarcated units.

General Discussion

Across three experiments, we find substantial variation in adults’ strategies and ability
to compare visually presented proportions in a probability comparison task when
those proportions have different visual and spatial features. Here, we summarize major
conclusions that emerge across the experiments.

First, adults were impacted by the congruency between the numerator magnitude and

the overall proportion magnitude for all formats tested. Given the range of formats we
included, this provides robust evidence that people are not encoding holistic proportion
estimates that are protected from interference, even for pie charts/annuli that are canonical,
familiar, and predictable. Instead, other quantitative features - such as the size of the
numerator component - are being encoded and can interfere with proportional reasoning.
The generalization of this pattern across stimuli requires us to reevaluate a common
interpretation of the cause of numerical interference with discrete proportion stimuli: it
may not be about number (or, at least, not entirely), but rather a more general phenomena,
whose strength varies due to the spatial properties of the stimulus. Together, these
findings highlight the need for additional psychophysical and computational research on
the encoding, representation, and comparison processes that support performance on these
kinds of tasks.

Second, behavior and strategy use varied systematically as a function of the visual and
spatial properties of the stimuli. Our results make clear that the spatial features interact in
ways that require fully considering the affordances of each format. For example, although

it is typically reported that people make more errors with proportion presented with
numerical units (i.e., discretely) than proportions presented without numerical units (i.e.,
continuously) (Abreu-Mendoza et al., 2023; Boyer et al., 2008; Hurst & Piantadosi, 2024),
by expanding the set of contrasts we find notable exceptions to this pattern. For example, we
find consistent proportional strategy use with dots grids (a discrete format), but consistent
numerator strategy use with separated blobs (a continuous format). What general principles
might explain the breadth of variation?

The formats that had the most consistent proportional behavior (i.e., most people were
classified as more likely to use a proportion strategy; above chance performance even
on numerator incongruent stimuli) had the two sub-components within a single whole
that was predictable and organized: dot grids, pie charts, and annuli. In contrast, the
formats that had the most consistent numerator-driven behavior (i.e., most people were
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classified as more likely to use a numerator strategy; below chance performance on
numerator incongruent stimuli) had spatially separated sub-components, and therefore not

a single readily available whole: separated dot clouds, separated blobs. At first glance, the
explanation about integrated proportional wholes might also predict that stacked rectangles
would be highly proportional, but this isn’t what we find. Across the experiments, we can
compare four different shapes: blobs, rectangles, pie charts, and annuli. We found that
people more consistently used a proportion strategy and were less mislead by inconsistent
numerator information with pie charts and annuli, while blobs and rectangles both showed
an inconsistent mix of proportional and numerator-driven behavior. Although we did predict
that pie charts would be highly proportional and that blobs would not be (due to their high
variability and lack of predictable structure), the pattern for stacked rectangles is surprising.
One possibility is that the variable widths across stimuli within a trial and across trials led to
increased difficulty extracting proportional information. Although the width isn’t necessary
for encoding proportion from a single stimulus, the comparison context may be facilitated
when the dimensions used to encode the proportion (e.g., height for the rectangles) can also
be compared across stimuli (e.g., a taller rectangle is a larger denominator than a shorter
rectangle). Importantly, because our rectangles varied in width and the blobs varied in both
height and width, the only stimulus that could be compared across stimuli within a trial
using a single feature were the pie charts/annuli. We also found variation within discrete
stimuli that may speak to this issue: dots organized in rows of 10 generally led to consistent
proportional responding. Because the dot grids were always in rows of ten, they were in
some ways closer to fixed-width rectangles, which may have increased the predictability

of the proportional information. Thus, one generalizing principle across the patterns of
variation may be that when the proportional whole is clearly available and easy to reference,
proportional strategies are used; but when the proportional information is disrupted (e.g.,
components are presented separately interfering with the whole) then people may focus
more on the numerator information. Future work will be needed to test this hypothesis.

Finally, although some formats strongly elicited proportional behavior and others strongly
elicited numerator driven behavior, there were several (including stacked rectangles) that
were more variable. In particular, the patterns of strategy use in the context of some formats
looked bimodal, suggesting individual differences. It is possible that when some features
facilitate proportional reasoning (e.g., integrated sub-components), but others hinder the
processing of proportional information (e.g., variable widths or having multiple pieces

of information that need to be compared), then there are strong individual differences in
whether people can overcome the difficulties and attend to proportion, or not. Further work
is needed to test these predictions and investigate the cause(s) of this individual variation
across various formats (e.g., inhibitory control; Abreu-Mendoza et al. (2020)).

An important next question, based on the patterns we find with discreteness, is whether
the explanation suggested here also applies to children’s difficulty with discrete visual
proportion. There are some differences between our study and typical studies with children
that limit the generalizability of these findings to previous developmental work. Research
with discretized stimuli in children typically include smaller set sizes (e.g., less than 10
units) and long or unlimited display times, both of which are more conducive to counting
than our much larger set sizes (i.e., up to 53 units) and short presentation times. Thus, it
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may be that children do apply an over-learned count routine to discrete (and importantly,
discretized) stimuli that is specific to numerical interference. It is possible that both children
and adults are susceptible to the impact of spatial and visual features investigated here, and
that children also overapply a count routine when they can. This hypothesis would predict
that children are more negatively impacted by the mere presence of numerical information
than adults, while also being impacted by visual spatial features that make it difficult to
encode the necessary proportional information, such as separating the two subcomponents or
making the “whole” less salient or predictable. The relative impact of each of these spatial
features across development is an important question for future work.

Taken together, these results have important implications for our understanding of the
cognitive processes underlying proportion representation and reasoning. On the one hand,
the stark variation across different formats suggests that a single proportion processing
system is unlikely to encode and represent proportion holistically and invariably. Instead,
proportional reasoning may involve encoding multiple pieces of information and executing
computations, which can introduce variation and/or competition from other systems at
multiple stages of this process and lead to downstream differences in behavior. Importantly,
however, it remains an open question as to how and when the variation arises and what
other individual differences may be relevant (e.g., inhibitory control; Abreu-Mendoza et
al. (2020)). One possibility is that people’s implementation of different strategies is due

to a top-down process, such that some people gptto use a numerator heuristic because
they determine that a proportion comparison strategy is too challenging or suboptimal. If
this is the case, then there may not be an automatically activated proportion processing
system, and instead people use distinct computational processes, or strategies, in different
contexts or because of individual differences. An alternative possibility is that the variation
seen here is driven by more bottom-up processes, such that spatial and visual properties

of the stimulus lead to differences in what and how information is encoded from the
stimulus, in turn leading to differences in which processes are carried out. Importantly,
these two explanations are not mutually exclusive and both may be inducing variation in
behavior. Furthermore, the use of a counting strategy explaining some variation in children,
but potentially not in adults, suggests that these two factors might vary developmentally.
Additional work is needed to carefully compare these alternatives, as well as other factors
might impact people’s strategy selection.

It is worth noting some limitations of the current study. First, although we designed

the “magic ball” probability paradigm to accommodate many possible spatial and visual
formats, it cannot easily incorporate area-controlled discrete stimuli. This limitation arises
because the “magic ball” scenario is equivalent to picking a colored pixel at random, which
makes it inherently rely on overall area. Therefore, in all our stimuli, cumulative surface
area was available as an information source that could have been used to compute the
proportions. In other words, even for the discrete stimuli, where numerical information is
available, cumulative area was also available because all the dots were the same size. If

we were to vary dot size and make area not an available cue, our paradigm would need an
additional explanation about the irrelevance of dot size on those trials specifically, which
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would change the instructions across formats — something we were very careful to avoid. In
previous work, using a different mathematical approach and less systematic variation within
continuous and discrete stimuli, we have found that removing area as an available cue by
varying dot size increases adults’ tendency to rely on the numerator information, rather than
proportion (Hurst & Piantadosi, 2024). One possibility is that this prior finding can also be
explained by predictability: variation in dot size within a stimulus increases the irregularity
of the stimulus, making it less predictable. Another possibility is that there is a distinction
between proportions generated from numerical sets alone and proportion generated from
relative area.

In either case, it may be that our choice here to only use area-available stimuli contributed
to the smaller difference between discrete and continuous stimuli. To explicitly test whether
item size and/or congruency between cumulative area and number also impact behavior and
strategy use will require a different paradigm. Furthermore, whether and how the specific
magnitude used to infer the proportion (e.g., relative number vs. relative area) impacts the
precision or representation of the proportional value is an interesting question that connects
to deep issues in numerical cognition about the nature of magnitude representation.

Additionally, the magic ball scenario and wide variety of visual stimuli also limits the

direct real-world implications of this work. Although our goal here was to understand the
cognitive processes underlying proportional reasoning, an important related goal is to better
understand how to present proportional information in educational and decision-making
contexts. Substantial prior work has investigated (and debated) what kinds of formats may
be best for teaching fractions or communicating about proportional information (Bago &
De Neys, 2017; Gunderson et al., 2019; Hurst et al., 2022; Hurst et al., 2020; Lipkus &
Hollands, 1999; Rau & Matthews, 2017; Tubau et al., 2019). The current work cannot
directly speak to this issue, however, as we did not assess learning and our experimental
context and formats are quite different from typical educational settings. Instead, by
providing insight into the cognitive processes involved in proportional reasoning, the current
work may be used to make predictions about how different formats might be interpreted and
used in educational and decision-making contexts, as a function of their general visual and
spatial properties.

Second, another well-studied feature of numerical magnitude representations is the impact
of ratio or distance between magnitudes on performance: magnitudes that are further apart in
terms of ratio (e.g., 1:2 vs. 1:4) are easier to discriminate than values that are closer together
(e.g., 1:2 vs. 1:3) (Dehaene, 2011; Halberda & Feigenson, 2008; Moyer & Landauer, 1967).
Although some work has begun to address this issue with relational stimuli, including
fractions and visually presented ratios (Kalra et al., 2020; Park et al., 2020), we did not focus
on this research question here. One possible way to differentiate various strategies people
might be using would be to investigate how the ratio between the various quantities involved
(i.e., numerator, total, proportion) predict behavior. Future work should include comparisons
with a larger range of ratio discrimination levels for all quantities involved to begin testing
this question.
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Third, we opted to use a between-subject design, where previous work has often used a
within-subject design (Abreu-Mendoza et al., 2023; Boyer & Levine, 2015; Hurst & Cordes,
2018). We used a between-subject design because of prior work revealing order effects,
where continuous proportional stimuli can shift people’s behavior on subsequent discrete
proportional judgements (Boyer & Levine, 2015; Hurst & Cordes, 2018). Given the large
number of formats tested here, we would have needed substantially more participants to
carefully test for order effects in a within-subject design. Thus, although the between-subject
analysis introduces some additional noise between formats, it also ensures that we are
capturing the default behavior with each format. Future work will be needed to investigate
whether including the formats within-subject and varying the order of presentation might
shift people’s strategies.

Fourth, although our mixture model analysis allowed us to investigate individual and format
differences in strategy use, additional work is needed to improve this approach. Parameter
estimates for both the numerator comparison strategy and the proportion comparison
strategy were atypical in some ways, suggesting that neither strategy fully captured the
underlying cognitive process. For the proportion strategy in particular, given that the
comparison process was not fully captured by our model, it’s likely that both the g and B;
estimates were incorporating additional variance not well explained by the structure of the
model. Additionally, it may be that people use different ways to compute the proportional
information across different formats, such as a part:part ratio computation or a part/whole
proportional computation. However, our current models cannot capture these differences.

Constraints on Generality

Conclusion

The current samples came from adults in the USA recruited via Prolific. Although we have
no a priori reason to believe these findings would not generalize to adults in the USA more
broadly, there are a few factors that might impact individual differences and replicability. For
example, it may be that educational experience with fractions and proportions contributes

to the ease of processing pie charts, which have been a mainstay in American fraction
education. However, the current pattern may not replicate in samples where prior fraction
education is meaningfully different, or participants have less experience with specific kinds
of proportion representations. Additionally, a primary motivation for the current study is

the hypothesis that proportional reasoning is highly variable. Here, we investigated the

role of spatial features, but it is likely that other features of proportion stimuli and the

task procedure may also impact proportional reasoning (e.g., the availability of benchmark
heuristics, such as comparing 0.25 vs. 0.75, which cross the half boundary, or 0.25 and 0.33,
which do not; duration of stimulus presentation). A direct replication would require using
the same stimuli and paradigm, and additional research studies are needed to investigate
what other features of the stimuli and task may or may not lead to variation in proportional
reasoning.

In summary, we find that adults’ ability to compare visual non-symbolic proportions
systematically varies as a function of the spatial properties of the stimulus, beyond
those typically contrasted in prior work. Our findings suggest that adults’ difficulty with
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discrete proportions may not be due entirely, or even primarily, to interference from the
numerical information. Instead, a more general explanation that applies to both discrete and
continuous proportion might be more appropriate: when the overall proportion, and maybe
in particular the “whole”, is difficult to process adults are more likely to use a numerator
heuristic strategy instead of a proportional strategy, resulting in worse performance.
Furthermore, these findings have implications for our understanding of the processes
underlying proportional reasoning, opening new questions about what causes variation in
these processes and how they develop. Overall, this work provides a novel explanation

of a common behavioral phenomena, contributes important methodological advancements,
including the use of stimuli that systematically vary along multiple dimensions as well as
the use of mathematical modeling of strategies, and highlights the need for new theoretical
approaches that can explain systematic variation in proportional reasoning.

Supplementary Material
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List of all comparisons

Appendix Table:
Stimuli values use during the test trials across all Experiments

Larger Proportion Smaller Proportion  Features of the Comparison
Numerator Other Proportion Numerator Other Proportion Numerator Ratio of Ratio of  Larger

Magnitude Magnitude  Congruency Proportions Numerators Difference
12 30 0.286 9 23 0.281  congruent 1.018 1.333  numerators
27 20 0.574 12 10 0.545  congruent 1.053 2.250  numerators
18 17 0.514 14 17 0.452  congruent 1.137 1.286 numerators
15 14 0.517 14 17 0.452  congruent 1.144 1.071  proportions
28 19 0.596 17 16 0.515  congruent 1.157 1.647 numerators
40 8 0.833 36 14 0.720  congruent 1.157 1.111  proportions
12 36 0.250 8 31 0.205 congruent 1.220 1.500 numerators
25 18 0.581 10 11 0.476  congruent 1.221 2500 numerators
38 11 0.776 22 13 0.629  congruent 1.234 1.727 numerators
28 10 0.737 25 18 0.581  congruent 1.269 1.120 proportions
32 15 0.681 9 8 0.529  congruent 1.287 3.556  numerators
33 11 0.750 29 21 0.580 congruent 1.293 1.138  proportions
24 20 0.545 12 17 0.414  congruent 1.316 2.000 numerators
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Larger Proportion Smaller Proportion  Features of the Comparison
Numerator Other Proportion Numerator Other Proportion Numerator Ratio of Ratio of  Larger

Magnitude Magnitude Congruency Proportions Numerators Difference

20 28 0.417 11 26 0.297  congruent 1.404 1.818 numerators
33 10 0.767 28 24 0.538  congruent 1.426 1.179  proportions
18 26 0.409 14 35 0.286  congruent 1.430 1.286 proportions
22 9 0.710 18 20 0.474  congruent 1.498 1.222  proportions
30 17 0.638 8 11 0.421  congruent 1.515 3.750  numerators
32 7 0.821 27 23 0.540  congruent 1.520 1.185 proportions
40 7 0.851 24 19 0.558 congruent 1.525 1.667 numerators
20 16 0.556 12 21 0.364  congruent 1.527 1.667 numerators
21 10 0.677 18 25 0.419  congruent 1.616 1.167 proportions
26 12 0.684 20 28 0.417  congruent 1.640 1.300 proportions
15 12 0.556 12 26 0.316  congruent 1.759 1.250 proportions
17 10 0.630 15 30 0.333  congruent 1.892 1.133  proportions
21 25 0.457 7 23 0.233  congruent 1.961 3.000 numerators
18 20 0.474 7 22 0.241  congruent 1.967 2571  numerators
20 14 0.588 8 20 0.286  congruent 2.056 2500 numerators
17 32 0.347 7 35 0.167  congruent 2.078 2.429  numerators
22 9 0.710 15 32 0.319  congruent 2.226 1.467  proportions
28 7 0.800 39 10 0.796  incongruent 1.005 1.393  numerators
23 18 0.561 27 23 0.540 incongruent 1.039 1.174  numerators
18 13 0.581 25 20 0.556 incongruent 1.045 1.389 numerators
16 26 0.381 17 30 0.362 incongruent 1.052 1.062 numerators
12 15 0.444 17 24 0.415 incongruent 1.070 1.417 numerators
38 6 0.864 39 11 0.780 incongruent 1.108 1.026  proportions
8 15 0.348 15 33 0.312 incongruent 1.115 1.875 numerators
30 9 0.769 32 16 0.667 incongruent 1.153 1.067 proportions
12 11 0.522 14 17 0.452  incongruent 1.155 1.167 numerators
32 10 0.762 35 18 0.660 incongruent 1.155 1.094 proportions
12 8 0.600 15 14 0.517 incongruent 1.161 1.250 numerators
21 16 0.568 23 24 0.489 incongruent 1.162 1.095 proportions
7 13 0.350 12 28 0.300 incongruent 1.167 1.714  numerators
14 20 0.412 15 30 0.333 incongruent 1.237 1.071  proportions
19 10 0.655 21 20 0.512 incongruent 1.279 1.105 proportions
19 14 0.576 22 27 0.449  incongruent 1.283 1.158 proportions
10 13 0.435 16 32 0.333 incongruent 1.306 1.600 numerators
12 20 0.375 14 36 0.280 incongruent 1.339 1.167  proportions
18 5 0.783 28 22 0.560 incongruent 1.398 1.556  numerators
20 6 0.769 21 18 0.538 incongruent 1.429 1.050 proportions
18 13 0.581 19 28 0.404  incongruent 1.438 1.056  proportions
20 7 0.741 23 22 0.511 incongruent 1.450 1.150 proportions
11 9 0.550 17 30 0.362 incongruent 1.519 1.545 numerators
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Larger Proportion Smaller Proportion  Features of the Comparison
Numerator Other Proportion Numerator Other Proportion Numerator Ratio of Ratio of  Larger

Magnitude Magnitude  Congruency Proportions Numerators Difference

7 10 0.412 12 33 0.267  incongruent 1.543 1.714 numerators

8 15 0.348 9 41 0.180 incongruent 1.933 1.125 proportions

12 8 0.600 15 34 0.306 incongruent 1.961 1.250 proportions

6 9 0.400 9 36 0.200 incongruent 2.000 1.500 proportions

8 6 0.571 13 33 0.283 incongruent 2.018 1.625 proportions

7 11 0.389 8 35 0.186 incongruent 2.091 1.143  proportions

15 4 0.789 16 34 0.320 incongruent 2.466 1.067 proportions
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Public Significance Statement

Both adults and children tend to make errors with proportional information, such as a

set of dots where 80% are orange and 20% are blue, and these errors can have negative
consequences for math education and everyday decision making. The current study
shows that adults’ difficulties correctly using proportional information may be due to
visual and spatial features of the information, such as the structure of the total quantity
(e.g., acircular pie chart vs. an amorphous blob) or the spatial relations between the
subparts of the proportion (e.g., a set of intermixed blue and orange dots vs. a set with
blue on one side and orange on the other). These task irrelevant features change the
strategies people use and the errors they make, providing new insight into how to prevent
these errors across contexts.
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Panel A

Key Contrast in Prior Work: Continuous vs. Discrete

Continuous Stimuli Discrete Stimuli
Examples & Descriptions Examples & Descriptions
part-whole rectangle part-whole rectangle, with discretized units

Example Studies: Abreu-Mendoza et al., (2023); Boyer et al., (2008); Boyer & Levine (2015); Hurst et al., (2020)

O o O

annulus, with discretized @ annulus, with discretized
non-adjacent units adjacent units

Example Studies: Abreu-Mendoza et al., (2020); Jeong et al., (2007); Hurst & Cordes (2018) [non-adjacent only]

part-whole annulus

discrete dot sets, with area ' discrete dot sets, without

control area control
Example studies: Hurst & Piantadosi (2024); Hurst & Levine (2022) used a similar operationalization, but the
shapes were real objects, such as a partially colored butterfly vs. a set of colored butterflies

part-whole pie chart part-whole amorphous blob

Panel B
Key Contrast in Prior Work: Spatially Integrated vs. Separated

Stacked Stimuli Separated Stimuli
Examples & Descriptions Examples & Descriptions

part-whole rectangle separated rectangle components, with a large separation
Example Study: Hurst et al., (2020)

separated rectangle components, with components
placed directly side-by-side

part-whole rectangle

Example Study: Méhring et al., (2020)

Figure 1:
Example stimuli representative of the various ways prior work has instantiated and

compared discrete and continuous stimuli (Panel A) and spatial separateness (Panel B). Note
that our descriptions use the term “discretized” for stimuli that are divided part-whole shapes
and “discrete” for sets of independent objects, but these terms have been used in other ways
in prior work, typically with the term “discrete” being used for both kinds of stimuli.
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Experiment 1 Expenment 2 Experiment 3

Separated Blob Integrated Blob Integrated Rectangle Pie Chart
(Continuous, Unpredictable, (Continuous, Unpvedimbk (Connnuous, l’ndlcuble (Conlmnom, Hnghly Predictable, (Conum Highly Predictable, (cmnuom, Pmdmuble
Separated) Integrated) Integrated) Integrated)

Separated Dot Clowd Integrated Dot Cloud e Do o s Do O Divided Pic Chart Divided Rectangle
‘D“"“;‘m“’b"‘ (el U"""""""" (Discrete, l’led:cuble Separated) (Ducme Pred.lmhle, Integrated) U"ml m,:knl'm » (D“"““"‘[’n Highly ';"‘""""" ‘D"“';‘n‘”"' P'“’;‘"‘“‘

Figure 2.
Example stimuli used across Experiments 1, 2, and 3, as displayed in Panels A, B, and

C, respectively. Labels and descriptions provide our operationalization of the three spatial
features we use to simplify the stimulus space, with specific contrasts varying across
experiments.
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Numerator Congruent Trial Numerator Incongruent Trial
10/21 vs. 25/43 12/20 vs. 15/29

visible until
response selected
OR max of 1200ms

which has the higher probability of a orange outcome?

which has the higher probability of a orange outcome?

If response not selected
within 1200ms
(previous screen):
visible until response

which has the higher probability of a orange outcome? which has the higher probability of a orange outcome?

selected

500ms

Figure 3.
A schematic of the trial procedure used in all three experiments, using the integrated

rectangle format (from Experiment 3) as an example and orange as the assigned numerator
color. The left panel displays an example trial where the numerator is congruent with
proportion and the right panel displays an example trial where the numerator is incongruent
with the proportion. Note that the size of the screen (i.e., the white bounding box around
the stimuli) may vary depending on the size of the screen participants used to complete the
study. Additionally, the text here has been enlarged for readability in the manuscript.
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Estimated probability weight

Page 39
A: Behavioral Responses
Blob Blob Rectangle Rectangle

Separated Integrated Separated Integrated
1.00 4
0.75
L it o - i I L e e o
0.254

Dot Cloud Dot Cloud Dot Grid Dot Grid

Separated Integrated Separated Integrated
1.00 4
0.754
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0.25

conont
B: Strategy Estimates
Blob Blob Rectangle Rectangle

Separated Integrated Separated Integrated
R A 1 1 N
0.504
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Dot Cloud Dot Cloud Dot Grid Dot Grid

Separated Integrated Separated Integrated
0.754 ’ ’ ’ | ’ ’
0.50 4 [
0.25 |
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o - =] &b

. guessing . numerator - proportion

Figure 4.
Data from Experiment 1. Panel A: Proportion of trials correct, aggregated at the participant

level for ease of visualization, with chance at 50% (dotted line). There were significant
differences between congruent (light blue; left) and incongruent (dark blue; right) trials for
each format, but the size of the effect varied across formats. Panel B: Estimated probability
weights for each of the three strategies included in the mixture model: guessing (purple),
numerator (orange), and proportion (green). Guessing was low for all formats, while the
highest probability strategy and the distribution of the individual level data varied across
formats. In both panels: half-violin plots provide a smoothed density plot of the distribution
of individual participant aggregated data. Box plots provide the median (central line),
interquartile range (box), and full range (vertical whiskers). The point and error bars are
the mean +/- one standard error. The top row are formats categorized as continuous, and
the bottom row as discrete; the left half are categorized as (relatively) unpredictable and the
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right half as (more) predictable; separated vs. integrated versions of the formats alternate and
are labeled.
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A: Behavioral Responses B: Strategy Estimates
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Figure 5.
Data from Experiment 2. Panel A: Proportion of trials correct, aggregated at the participant

level for ease of visualization, with chance at 50% (dotted line). There were significant
differences between congruent (light blue; left) and incongruent (dark blue; right) trials for
each format, but the effect was larger for dot clouds than for pie charts. Panel B: Estimated
probability weights from the mixture model across the three mathematically formalized
strategies: guessing (purple), numerator (orange), and proportion (green). In both cases, the
highest probability strategy is the proportion strategy, but this preference is weaker for dot
clouds than for pie charts. In both panels: half-violin plots provide a smoothed density plot
of the distribution of individual participant aggregated data. Box plots provide the median
(central line), interquartile range (box), and full range (vertical whiskers). The point and
error bars are the mean +/- one standard error.
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A: Behavioral Responses B: Strategy Estimates
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Figure 6.

. guessing . numerator - proportion

Data from Experiment 3. Panel A: Proportion of trials correct, aggregated at the participant
level for ease of visualization, with chance at 50% (dotted line). There were significant
differences between congruent (light blue; left) and incongruent (dark blue; right) trials for
each format, but the size of the effect varied across formats. Panel B: Estimated probability
weights from the mixture model across the three mathematically formalized strategies. The
highest probability strategy, in all cases, was the proportion strategy (green), followed by the
numerator strategy (orange), and guessing (purple). In both panels: half-violin plots provide
a smoothed density plot of the distribution of individual participant aggregated data. Box
plots provide the median (central line), interquartile range (box), and full range (vertical

whiskers). The point and error bars are the mean +/- one standard error.
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Numerator congruency effects (including descriptives) analyzed for each format separately.

Table 1:

Page 43

Format Numerator Numerator Odds Ratio for Numerator
Congruent M(SD) Incongruent M(SD) Numerator Congruence Incongruent vs.
Effect (95% ClI) Chance
p-value
Experiment 1  separated blobs 0.83(0.07) 0.37 (0.23) 15.87 (10.87, 23.15) .001
integrated blobs 0.87 (0.06) 0.55 (0.19) 10.16 (6.53, 15.79) 219
separated rectangles 0.86 (0.07) 0.54 (0.21) 9.49 (6.17, 14.6) .267
integrated rectangles 0.89 (0.08) 0.58 (0.23) 9.44 (6.71, 13.29) .042
separated dot clouds 0.87 (0.07) 0.36 (0.22) 18.77 (13.94, 25.29) <.001
integrated dot clouds 0.88 (0.05) 0.54 (0.21) 10.23 (6.81, 15.37) .235
separated grid 0.83 (0.10) 0.65 (0.27) 3.24 (249, 4.22) .001
integrated grid 0.93 (0.05) 0.65 (0.17) 12.1(7.81, 18.74) <.001
Experiment 2 integrated pie charts 0.89 (0.09) 0.74 (0.14) 3.55(2.42,5.2) <.001
integrated dot clouds 0.87 (0.06) 0.50 (0.2) 11.27 (7.37, 17.23) .983
Experiment 3 non-divided pie 0.91 (0.05) 0.74 (0.11) 4.47 (2.88, 6.94) <.001
charts
non-divided 0.9 (0.07) 0.57 (0.21) 9.19 (6.62, 12.77) .034
rectangles
divided pie charts 0.88 (0.08) 0.64 (0.14) 5.56 (3.74, 8.27) <.001
divided rectangles 0.89 (0.08) 0.63(0.2) 6.31 (4.62, 8.63) <.001

Note: Numerator Incongruent vs. Chance p-value is calculated from the intercept in an intercept only model including data from only the
Numerator Incongruent trials. The Odds of the Numerator Congruency effect is from the binomial mixed effect model, separated by format. 95%
Cl is calculated using the Wald approximation.
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Table 2:
Model comparisons between full model (all three features and interactions) and models with all predictors

involving a specific feature removed.

number of AlC BIC AlIC BIC Chisquare
parameters model v. full model v. full full model vs. model
model model
Full Model 18 44,581.45 44,739.29 - - -
Remove: Separateness 10 44,815.93  44,903.62 234.48 164.33 250.48 (df = 8)
p<.001
Remove: Discreteness 10 44,702.92  44,790.61 121.47 51.32 137.47 (df = 8)
p<.001
Remove: Regularity 10 44,795.85  44,883.54 214.4 144.25 230.40 (df = 8)
p<.001
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Means (N with this strategy as their highest weighted strategy) of the estimated probability weights,

summarized across individuals

Table 3:

Pre-Defined Strategy

Format guessing numerator proportion  Binomial Exact Test
Experiment 1  Separated Blob 0.10 0.58 (34) 0.31 (15) .009
Integrated Blob 0.08 0.39 (18) 0.54 (29) 144
Separated Rectangle 0.09 0.44 (25) 0.47 (26) >.999
Integrated Rectangle 0.07 0.36 (18) 0.57 (32) .065
Separated Dot Cloud 0.10 0.60 (35) 0.29 (13) .002
Integrated Dot Cloud 0.07 0.39 (19) 0.54 (30) 152
Separated Dot Grid 0.07 0.32 (15) 0.60 (34) .009
Integrated Dot Grid 0.05 0.25 (9) 0.70 (45) <.001
Experiment 2 Integrated Pie Chart 0.05 0.21 (6) 0.74 (44) <.001
Integrated Dot Cloud 0.08 0.42 (21) 0.50 (28) .392
Experiment 3 Non-Divided (Integrated) Pie Chart 0.04 0.18 (1) 0.77 (49) <.001
Non-Divided (Integrated) Rectangle 0.07 0.38 (16) 0.56 (31) .040
Divided (Integrated) Pie Chart 0.06 0.26 (3) 0.68 (46) <.001
Divided (Integrated) Rectangle 0.06 0.30 (13) 0.64 (39) <.001

Page 45

Note: Binomial exact test is comparing the number of people whose highest estimated weight was on the numerator strategy vs. proportion strategy
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Table 4:
Model comparisons between full model (both features and interactions) and models with all predictors

involving a specific feature removed, for Experiment 3

number of AlC BIC AlC BIC Chisquare
parameters model v. full model v. full full model vs. model
model model
Full Model 10 20,768.48 20,849.30 - - -
Remove: Discreteness 6 20,790.66 20,839.15 22.18 -10.15 30.18 (df = 4)
p<.001
Remove: Shape 6 20,840.35 20,888.84 71.87 39.55 79.87 (df = 4)
p<.001
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